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ABSTRACT: The conformational expansion problem of a regular star polymer in a good solvent is solved 
within the Gaussian approximation for the interatomic distances. Taking the Rouse-Zimm-Kilb Fourier 
coordinates as the basis of the conformational representation, their strain ratios with respect to the unperturbed 
phantom state are derived via self-consistent minimization of the intramolecular free energy. As usual for 
polymers above the 8 temperature, only the two-atom repulsions are taken into consideration. In the crossover 
regime, for an overall mean-square expansion up to  3, the off-diagonal strain ratios are less than l/lo the 
diagonal terms for a six-arm star and at least 1 order of magnitude smaller for a linear chain, thus indicating 
that the Fourier coordinates approach the normal modes to within a good approximation. Numerical analysis 
of the off-diagonal strain ratios is consistent with the expansion being especially large in the vicinity of the 
branch point, where the intramolecular repulsion is most concentrated. The mean-square expansion of the 
radius of gyration increases with r I W  (7 = (T - €))IT, N is the number of atoms in the molecule) in about 
the same way as in the linear molecule. Bond correlation is largest around the branch point for bond vectors 
belonging to the same arm, but it tends to vanish if the bonds are on different arms. The normalized Kratky 
plot of the structure factor vs Q = 4r sin (c9/2)/X increases with increasing expansion at larger Q, consistent 
with a decrease of the normalized density p(R) /p (O)  for distances R from the center of mass on the order of 
the root-mean-square radius of gyration ( S2)1/2. The relative fluctuation of (S2), that is, ( (S4) - (S2)2)/(S2)2, 
is also shown to increase with increasing expansion. The present conformational study may be considered 
as a preliminary step to obtain the dynamic eigenfunctions as well as the relaxation times. 

1. Introduction 

There is a rising interest in the thermodpamic study 
of s ta rpolymer~,~-~~ originated by the new potential insight 
on the intramolecular forces and conformations of different 
polymer architectures, obtainable today by increasingly 
sophisticated synthetic t echn ique~ .~?~J~  Within a program 
aimed at the systematic theoretical investigation of regular 
star chains in dilute solution at different temperatures 
above or below the 8 point,15 here we report an equilibrium 
conformational study of regular star polymers in a good 
solvent (2' > 8). An additional scope of this work is that 
it provides the necessary information to obtain the dynamic 
eigenfunctions and the spectrum of relaxation times.16 

We follow the self-consistent approach based on the 
Gaussian approximation for the probability distribution 
of the interatomic distances.16 Confining our attention to 
the large molecular weight limit, we use a coarse-grained 
model where a finite number of evenly spaced represen- 
tative beads are the points of concentration of the 
intramolecular forces. For convenience, the terms "atoms" 
and "bonds" will still be used to designate the beads and 
their connecting links. The intramolecular potential will 
be identified with the sum of all the interatomic long- 
range repulsions proportional to 74 r2) -3 /2 ,  where ( r2 )  is 
the mean-square distance between the two atoms and 7 

= (2' - 8) /T  is the reduced temperature. In a truly 
stereochemical approach based on the Gaussian approx- 
imation, the sum of the interatomic contributions should 
be carried out starting from a lower cutoff K, equal to a 
few tens of bonds separating any two atoms.15 In the spirit 
of the present coarse-grained model, in the following we 
shall put = 1 throughout. The two-body screened 
interactions Q ( r2) -5 /2 ,  arising from shorter-range excluded 
volume repulsions not compensated by solvent-induced 
attractions even at T = 6, will be neglected in our large- 
chain limit as they can be absorbed in a suitable expansion 
of the interatomic bond.15J6 The three-body and higher- 
order interactions will also be neglected, following a 
common procedure; as shown elsewhere, they are nicely 
absorbable in the two-body potential, after a suitable 
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downward shift of the 8 temperature.15J7J8 Only for star 
polymers with a large number (possibly 210) of short 
branches, n-body repulsions (n 1 3) involving atoms from 
three or more different branches may play a significant 
role, possibly leading to stretching-out of the arms, as 
pointed out by Daoud and Cotton12 and by Birshtein and 
2h~lina.l~ Overall, the relative weight of these multibranch 
repulsions is also bound to vanish in the infinite molecular 
weight limit. 

After a section dealing with the Fourier basis set of the 
star polymer normal modes, the self-consistent optimi- 
zation of the free energy will be discussed. In a subsequent 
section giving the numerical results for a star with six 
branches and different values of the reduced temperature, 
it will be shown that the Fourier modes deviate appreciably 
from orthogonality, although not very seriously, as a result 
of the peculiar concentration of interatomic repulsions in 
the core of the star; the cross terms may be estimated 
within the present scheme. The equilibrium structure 
factor will then be evaluated, and its connection with the 
atomic density around the center of mass will be discussed. 

2. Normal Coordinates of the Regular Star 
Polymer 

ThetotalnumberofatomsisN+ 1andNlftheirnumber 
within each of the f equal branches, all of them connected 
to a central atom. We associate a vector 1cr)(h) to each 
bond, oriented toward an increasing contour distance from 
the branch point; h ranges from 1 to Nlf, moving from the 
branch point to the free end of the rth branch (see Figure 
1). Let us consider the N X Ncorrelation matrix M, whose 
general element is the average scalar product of two bond 
vectors: 

Since M is real and symmetric, the normal coordinates, 
i.e., the statistically orthogonal vector combinations f,(l), 
..., L(W, may be derived from a unitary matrix V 
diagonalizing M. We have 
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freedom. The resulting degeneracy is removed whenever 
bond correlation exists. Ae an example, in the linear 
phantom chain with local stereochemical interactions, 
apart from usually negligible end effects, the matrix M is 
cyclic and its elements (l(h)-l(j) ) vanish quickly with an 
increasing difference - hi. Diagonalization of M is thus 
basically reduced to the same problem as diagonalization 
of the Rouse matrix A in the dynamics of the free-draining, 
freely-jointed linear chain; the eigenfunctions are given 
by linear bond vector combinations with Fourier coeffi- 
cients that vanish exactly after the end bonds, in keeping 
with the boundary  condition^.^^ Besides, as previously 
shown by Zimm and Kilb,20 the star has specific symmetry 
requirements. Good-solvent expansion may affect the 
inner parts more strongly than the free ends, with the 
consequence that the resulting conformational inhomo- 
geneity may cause the Fourier-type Rouse-Zimm-Kilb 
bond vector combinations to depart from the exact normal 
coordinates or eigenfunctions. In the following, we shall 
assume these vector combinations as our basis set (see 
Appendix), searching for their mean-square amplitudes 
as well as for the mean values of their cross-products (i.e., 
the off-diagonal elements). The Gaussian approximation 
for all of the interatomic distances will be adopted, and 
the self-consistent free energy optimization will be carried 
out. After the full correlation matrix of the Fourier 
components is obtained, the conformational problem is 
solved. Equations A-2-A-4 of the Appendix show that 
our basis-set coordinates are the vector elements21 of Lmti 
and of e,,, with the respective multiplicities of 1 and cf 
- 1). Their correlation matrix is 

branch 1 

'branch 2 

Figure 1. Scheme of the indexing of atoms and bonds for a star 
polymer. 

V*T.M-V = A (diagonal) V*VST = E (2) 

[e(l)e(s)...e(A91 = [1~1~""~1~~2) ... l'(N/f)l.V 

Given the equivalence of all the star branches, the structure 
of M is 

(3) 

LM, M, M, ... M,J 
where the (Nlf )  X ( N l f )  submatrices Mo and MI are defined 
as 

( [l(r)(h)]z) = l 2  (4) 

Otherwise said, & and MI comprise average products 
between bond vectors on the same branch and on different 
branches, respectively. M may be reduced to block- 
diagonal form hbloek with the similarity transformation 
Ablock = X**M*X = 

0 ... 0 
... 0 

0 Mo-Mi ... o 

li;' 0 0 ... M, - M J 

where E is the unit matrix of order Nlf. We see that 
eigenvalues and eigenvectors may be collected in two 
classes, the first one with a unit multiplicity deriving from 
& + cf - 1)M1, the second one with multiplicity cf - 1) 
deriving from Mo - MI. 
The normal-coordinate problem consbta of diagonalizing 

them two matrices under the appropriate boundary 
conditions. Let us fmt remark that in the important, 
although special, case of the freely-jointed phantom chain 
both (& + cf - 1)Md and (& - MI) are diagonal in 
themeelvea, since (l(r)(h)*l(a)(j)) = 12bhj6r*. As a result, any 
rotation matrix would perform the diagonalization, and 
the normal coordinates might be chosen with a wide 

L a_l 
cf-  1) times 

e =  esym esym ... 3 (6) 
where the basis-set vector e is given by 

e = L*V 

L =  
[1(')(1)1(')(2) ... l(1)(N/f)l(2)(l) ..,l(2)(N/f)...l'(l) ... l@(N/f)] 

(7) 

V=X-[ B ,.. 1 V*V*T=E (8) 

and the matrices A and B are defined in eqs A-4. 
In the case of short-range bond interaction establishing 

uniform correlation between bonds, so that their average 
scalar product only depends on their topological separa- 
tion, y is a diagonal matrix and e is the set of the normal 
coordinates. In the good-solvent regime at T > 8 both of 
the assumptions of uniformity and short-range bond 
correlation are generally unwarranted. Consequently, the 
Fourier coordinates are not generally an orthogonal set; 
Le., a and B are not diagonal. 

Although in principle a and B may be rendered diagonal, 
thus obtaining the normal coordinates in general, this is 
not necessary in the equilibrium case, 88 it will be ehown 
in the following, In fact, the self-consistent optimization 
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process enables us to evaluate all of the elements of a and 
B, in principle, wherefrom all of the relevant equilibrium 
averages may be obtained. Since the diagonal elements 
of a and 8 indicate the amount of strain the mean-square 
Fourier amplitudes undergo with respect to the phantom 
state, henceforth for simplicity all of the elements of these 
matrices will be denoted as strain ratios. 
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3. Free Energy Self-consistent Optimization 

a. Mean-Square Distances. We shall distinguish 
between interatomic distances within the same branch 
and across different branches. In the former case, labeling 
with h and j the two atoms (0 I h < j I N/f, 0 being the 
branch point and N/f the free end) and labeling as 1 the 
branch comprising the two atoms, we have 

where M is defined in eq 1 and the vector Ph', is 

P; = [00...11...10...03 (10) 
the sequence of 1's beginning at position h + 1 and ending 
at position j .  In case the two atoms lie on different 
branches, the first and the second atoms will be taken on 
branches 1 and 2, respectively, and we write (0 5 h j  5 
N/f, 

consideringthat thevectorr(hj) isgiven byr(h,O) -rG,O). 
Proceeding in analogy with eq 9 we write 

tr2(hj))12 = (12) 

where 
(h) (Nlf + 1) 

Q h Y = [ l l . .  1 O O . . O  -1 -1 
(Nlf + i) 

-1 .. -1 0.. 03 (13) 

the p i t i o n  of each element being given by the upper 
symbol in parentheses. Equations A-4 and A-5 of the 
Appendix enable us to express M as a function of the 
Fourier-transformed matrices a and 8. From 

M = 12V.-pV'T 

ra o ... 01 

L 
wing eqe 5'' A-4, and A-5 we get from eqs 9 and 12 

qj = rj/(uV/f + 1) C = 2/(uV/f + 1)'l2 (16") 
From the mean-square distances, we may ais0 get the 

mean-square radius of gyration in terms of the normal 
modes 

(8') = [2(N + l ) ' I - ' x c ( r 2 ( h j ) )  

since for the unperturbed phantom chhain an ,  = &m = 6nm, 
we get, in the limit N - = 

NZ2 3f-2 (S'), = - 
6 f L  

b. Intramolecular Free Energy. The free energy of 

A = AI + &intra (18) 
where the elastic component A,,l has a purely entropic 
origin, whereas Ab- is due to the intramolecular contacts. 
In the general case where a and B are not diagonal Ael is 
given by15 

A,, = (3/2){Tr a - N/f - In (Det a) + 

the isolated molecule is given by, in kBT units16J6 

cf- 1)CTr B -NU- In (Det @)I) 
N i f  

= ( 3 / 2 ) { ~ [ a n n  - 1 + cf - - 1)l- In (Det a) - 
n = l  

cf - 1) In (Det 8)) (19) 
a result that derives from the following equation, valid for 
truly orthogonal coordinates 

A,, = (3/2)x{[ann - 1 - In a,,] + cf- 1)[8,,, - 1 - 
N l f  

n = l  

In @,,I) (19') 
considering that neither the trace nor the determinant of 
a matrix changes after a similarity transformation. Ac- 
cording to what was said in the Introduction, Ahtra is 
simply given by a sum of the two-body long-range 
interactions, namely 

7 = (T- e ) / T  (209 

and B is an appropriate adimensional parameter propor- 
tional to the effective volume per chain atom. In the above 
equations, the double sum is carried over all the ordered 
pairs of atoms h and j .  

c. Self-consistent Equations. The equilibrium con- 
formation is determined by minimization of the overall 
free energy, given by eqs 18-20 together with eq 16, with 
respect to the strain ratios anm and &m. TO simplify the 
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Table I 
Polymers in a Good Solvent, Nlf = 200 

(i) Off-Diagonal Elementa 

rBN12 a12 a13 a23 8 1 2  813 8 2 3  a?; 
star polymer, f = 6 0.35 -0.02 0.00 -0.01 -0.07 +0.03 -0.03 1.38 

1.39 -0.02 0.00 0.00 -0.18 +0.11 -0.08 2.11 
2.77 +0.01 -0.01 +0.02 -0.26 +0.19 -0.11 2.81 

linear polymer, f = 2 3.00 +0.01 -0.00 +0.01 -0.01 +0.00 +0.01 2.94 

(ii) Diagonal Elementa 

a11 a22 a33 81 1 8 2 2  833  4 
~ 

star, f = 6, rBNlz = 2.77 full proced 2.14 

linear, f = 2, r B W 2  = 3.00 full proced 2.77 

diag approx 2.02 

procedure, we shall assume the nonorthogonality effect to 
be small enough that the only nonzero off-diagonal 
elements and @nm belong to the 3 X 3 upper-left 
submatrices of a and8. As we shall see, this simplification 
is admieaible since nonorthogonality turns out to be 
especially localized among the most collective modes, 
whereas we have previously shown that modes with large 
indices are indeed orthogonal (see Appendix A of ref 22). 
Free energy minimization is obtained by setting dA/aa,, 
= 0 (antisymmetric modes) and dA/a@,, = 0 (symmetric 
modes). The indices n and m either may coincide ( n  = m 
I Nlf, diagonal terms) or may be different if both n and 
m are I 3  (off-diagonal terms). Let us indicate that DA 
and De, respectively, the determinants of the upper-left 
3 X 3 submatrices of a and 8 and with a,ti(n,m) and 
u 8 & z , m )  the following expressions 

Nlf-1 N l f  

where a c  and bg)  are reported in eqs 16 and the seta of 
indices (n, m, n’) or, if n = m, (m, n’, n”) coincide with (1, 
2, 3). We get the result 
antisymmetric modes 

( n  = m > 3) (1 - a,:) - ~ ~ i ~ a , , ~ ( n , n )  = o 
[1 - ( C r n ~ , ~ f f n t ~ , , t ~  - Cr ,,t,t,)/D~] - 2 (n = m 5 3) 

~B1~a, ,~(n,n)  = o (21”) 

(n # m; n , n  I 3 )  -(a,,,,am,,, - (Y,,,(Y,~,~)/DA - 

symmetric modes 

a,,, DA, and umti(n,m) are respectively replaced by 

4. Numerical Results and Discussion 
The coupled eqs 15 and 21 were solved self-consistently 

through a numerical iterative procedure identical to that 

~Bl~cr, ,~(n,m) = 0 

On,, D,, and a,,(n,m) 

1.79 1.65 3.11 2.06 1.80 2.81 
1.77 1.64 3.20 2.07 1.79 2.87 

2.31 2.08 3.31 2.49 2.18 2.94 

employed in similar  case^.^^,^^ In the present work, the 
number of cycles required to achieve numerical stability 
for all of the values of and @nm increases substantially 
with the number of arms even at a fixed arm length, due 
to the increasingly large number of cooperative interactions 
to be optimized near the branch point. 

We shall discuss in the following some representative 
results obtained for a star with f = 6 and values of the 
solvent strength parameter TB leading to figures of ai = 
(S2)/  (S2)o up to 3, therefore being in the crossover regime 
(here and in the following the zero subscript stands for the 
unperturbed phantom polymer with rB = 0). Thenumber 
of atoms per arm was 2OOeZ4 The values of the and 
Brim strain ratios with n,m I 3 are reported in Table I for 
three different values of rB; for comparison, the results 
in the diagonal approximation are also reported. We note 
that the first off-diagonal terms of the symmetric modes 
(& with n,m = 1, 2, 3, n # m) are about 1 order of 
magnitude smaller than the corresponding diagonal terms, 
whereas the antisymmetric terms an, are still smaller by 
1 more order of magnitude. As also shown in Table I, with 
linear chains (i.e., f = 2) under comparable conditions of 
expansion, both the symmetric and the antisymmetric off- 
diagonal terms are 2-3 orders of magnitude smaller than 
the corresponding diagonal terms. The difference derives 
from the much larger heterogeneity of the star polymer 
wherein strong repulsions across the branch point region 
induce a larger local expansion, the more so the larger is 
f ;  as a result, chain uniformity is lost and the basis-set 
coordinates tend to depart from the normal coordinates. 
The symmetric modes of the star are especially affected 
by the branch-point expansion because they represent 
centrosymmetrical conformations unlike the antisym- 
metrical modes. This explains the much smaller values 
of the off-diagonal terms than of the &m’S with the 
same indices (see Table I). It is possible to prove that, in 
the presence of a nonuniform expansion with a maximum 
in the star center, the sign of @nm is given by (-l)n+m, again 
in agreement with Table I. We remark that the diagonal 
strain ratios Bnn appear to be larger than a,, if placed on 
an ideal smoothly decreasing function of q (where q is q2n 
for ann ,  q2n-1 for 

In the whole, the diagonal approximation appears to be 
reasonably good: in this case, the overall expansion ratio 
ai is only larger by no more than 2% than in the off- 
diagonal approach. Considering that the diagonal ap- 
proximation effectively amounts to suppressing some 
degrees of freedom, this result indicates that a larger 
expansion is required if a smaller number of degrees of 
freedom are taken into consideration. The difference 
between the resulta with the off-diagonal strain ratios and 
those obtained in the diagonal approximation becomee 

see eq A-4). 
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J I? 

O 3 0  4 -0.5 0 0  05 1.0 

Figure 2. Reduced plots of ( r2 (h j ) j  for a star polymer (a, f = 
6, CY: = 2.81, results with off-diagonal elements) and for a linear 
chain (b, f = 2, CY; = 2.94, results with off-diagonal elements). 
The atom indexes h and j are given as shown in Figure 1. For 
convenience, two branches of the same chain are considered, and 
the indexes are taken as negative ( -N/f  through 0) on one and 
positive (0 through N/f )  on the other. In (b) a vertical shift to 
the dashed line was applied, so that its origin coincides with the 
point giving (r2(-N/2,0) ). 

vanishingly small if we consider the hydrodynamic radius 
(less than 0.1% with the largest TB), since this depends 
more heavily on the internal distances than does the mean- 
square radius of gyration. In fact, the internal short-range 
distances depend wry little on the f i t  modes, so that the 
effect of nonorthogonality is negligible. We conclude that 
the diagonal approximation is justified to a good degree 
of approximation; however, in the following we shall only 
refer to the results obtained with the inclusion of the off- 
diagonal terms. 

The plot of the mean-square interatomic distances for 
the largest expansion degree (ai = 2.81) is shown in 
Figure 2a, where the bond labels run from -N/f  through 
0 to + N / f  to encompass two different branches. Infor- 
mation on the intrachain vector correlation is easily 
derivable from the figure. Supposing h < j for simplicity, 
regardless of the arm indices we may write 

(r2(hj+l))  = ( [ r (hj)  + 1G+1)l2) = (r2(hj)) + l2  + 

or, formally considering j as a continuous coordinate 
2(r(hj).lG+l)) (22) 

Otherwise said, the slope of the plot of (r2(hj)) vs J at 

20 

io-’ 10’ 
Z . T B f i  

Figure 3. Logarithmic plot of CY; = (S2)/(S2)~ vs 7 B I W  (see 
text) for both the star polymer (solid h e )  and the linear chain 
(dashed line). (Results are from the calculation with off-diagonal 
elements.) 

fixed h gives us the average correlation between r(hj)  and 
l(j+l).25 Whereas this correlation is zero by definition in 
the random-walk chain, it may be shown to be always 
positive in the expanded state, approaching zero both for 
j --* h and for j --+ N/ f ,  in agreement with Figure 2a. Besides, 
the sharp discontinuity in the slope of (r2(hj)) at j = 0 
(see points A and A’ in Figure 2a) implies that the (end 
of branch)-to-(branch point) vector is strongly correlated 
with the bond adjoining the branch point on the same 
branch, whereas it is virtually uncorrelated with any other 
such bond on a different branch. In fact, if the a tom h 
and j belong to different uncorrelated branches, we should 
have (r2(hj))12= (9(h,0))11+ (+(j,0))1I,wherethebranch 
point is labeled 0. This is seen indeed in Figure 2b, where 
we construct the s u m  (r2(h,0))11 + (r2(j,0))11 using the 
linear chain (see the dashed curve), thus reproducing a 
plot similar to that in Figure 2a, h = -N/f .  The physical 
reason of this loss of correlation across the branch point 
is rather simple: the repulsive interactions per se require 
increasing interatomic distances, thus increasing the 
average angle between any two branches. However, this 
inevitably implies decreasing the angles between all others. 
As a best compromise, the correlation within any arm is 
large and positive (see eq 229, although it is lost across the 
branch point. Computer simulations would represent an 
ideal test for this prediction. The very accurate Monte 
Carlo simulations by Batoulis and Kremerll do indeed 
report bond vector correlation as a function of the 
topological separation. Unfortunately, they always chose 
to keep one of the bonds as the bond connected to the 
branch point, so that only the correlation within one arm 
was obtained. 

A plot of the expansion ratio ai = (S2)/(S2)o as a 
function of z = rBWI2 is reported in Figure 3 for f = 6 in 
comparison with the linear chain cf = 2). The two curves 
differ very little, the ratio a&tar/a&, at fixed z staying 
essentially constant and being only marginally larger than 
unity. We stress that for a given polymer type (Le., a 
given B )  and a given undercooling T = (T - e)/ T, the same 
variable z also implies the same N,  that is, the same 
molecular weight, whereas the arm length N / f  decreases 
with increasing f .  I t  is therefore implicit in Figure 3 that 
the expansion of the star polymer is much larger than 
that of the linear polymer having the same length as 
each star arm. 

It is useful to discuss the topological indexg, which may 
be taken as a measure of the star polymer degree of 
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compactness; g is defined as 

the star and the linear polymer having the same molecular 
weight and the same rB. With reference to the unper- 
turbed state, which may be identified with the phantom 
chain, or random-walk state in our assumption of very 
large molecular weights, we may write 

g = gOd,atarl4&in (24) 
where26 

From the previous discussion on the expansion ratio ai 
we have the remarkable result that g is very close to, and 
only slightly larger than, go. Of course, this is simply due 
to the fact that the expansion of the star is very close to 
that of the linear chain, neither polymer being close to 
unperturbed. This somewhat fortuitous cancellation of 
effects was already pointed out by Douglas et al.9 through 
renormalization group arguments. We should also note 
that in the perturbative approach, one has, to the first 
order in z = rBlV1l2 27 

(Yi=l+Kfz (26) 
the Kf  coefficient depending only on f. It turns out that 
K f  increases rather slowly with f (in fact, K f  a pi2 for f - 
-), so that we have, to the same order 

g = g,,[l+ (K, - K&I (27) 
with K2 = 134/105 = 1.276 for the linear chain cf = 2). As 
an example, KS = 1.449, whence (z  << 1) 

g = 0.444*(1 + 0.1732) (28) 
According to our calculations, at larger z the term in 
parentheses tends to a constant value slightly larger than 
unity. 

The above results are in essential agreement with 
experiment. Light scattering data suggest that indeed g 
is very close to go for f up to 12l and possibly 18.7-9 Using 
the zero and the 0 suffix to designate, respectively, the 
unperturbed state of the infinitely large polymer and of 
finite polymers, this result somehow conflicts with what 
is found in the 0 state, especially for short-branched stars 
with many arms. In fact, many experimental resulta1v2v4*7 
indicate ge > go for f > 8, possibly as an effect of the 
n-body interactions (n 2 3) which are particularly im- 
portant for heavily branched stars; in a good solvent the 
three-body interactions may be neglected, so that we have 
go 5 g < ge. However, some experimental suggest 
that this may not be completely true when f is quite large 
cf 2 18) and/or the star arms are not long enough. Further 
problems may be due to an incomplete chemical synthesis 
reaction, so that in practice the expected number of arms 
is to be effectively regarded as an upper limit; obviously 
enough, the problem is more serious the larger is f. Similar 
results indicating g z go were also found in Monte Carlo 
simulations on a lattice.lOJ1 

5. Structure Factor and Density Profile 

The intensity profile of the scattered radiation, or 
structure factory in the Gaussian approximation is given 

0.0 ~ 

0 4 a 12 16 

lJ2 
Figure 4. Kratky plot of p2S(Q) vs pz (p2 = Q2(s2) ,  Q = 4r sin 
(9/2)/X) for the unperturbed and expanded star chain cf = 6, 
lower curves) and for the unperturbed and expanded linear chain 
cf = 2, upper curves). ai is the mean-square strain ratio of the 
radius of gyration. 

bY 

hj=O 

where Q = 4u sin (rP/2)/X; S(Q) is normalized so that S(Q 
= 0) = 1. Figure 4 shows the normalized plots of p2S(Q) 
vs $2, p2 = Q2( EP), for the star cf = 6) and the linear chain, 
each considered both in the unperturbed and in the most 
expanded state. We see that for both polymers the 
normalized scattering at large Q increases with increasing 
expansion. This result is strictly correlated with an 
increasing dispersion of the atoms around the center of 
mass, as it will be seen in the following. Labeling with 
(R2(h)) the mean-square distance of the hth atom on any 
branch fron the center of mass, it may be shown that (N 
>> 1) 

] (30) 

I @mm 

sin2 (q2,,,-1h) 

sin2 (q2,,,-~/2) 
cf - 

a result that in the ideal unperturbed case (i.e., 
= 1) reduces to 

(30') 

Since the probability of finding any atom at a distance R 
from the center of gravity is merely the sum of the separate 
probabilities, for each atom, the isotropic probability 
density is 

the factor f being due to the statistical equivalence of all 
branches, whereas the last term is due to the branch point. 
Figure 5 shows the plots of p(R) vs R for both the 
unperturbed and the expanded star (ai = 2.81) with f = 
6, obtained from eqs 30 and 31. We see that the ratio 
p(R)/p(O) decreases upon expansion, the largest fractional 
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Figure 5. Reduced atomic density of the star chain cf = 6) vs 
R/( s1)1/2, R being the distance from the polymer center of mass 
and (52) the mean-square radius of gyration. (Upper curve) 
Unperturbed state, ai = I, p ( 0 )  = 1.196 etoms/i3. (Lower curve) 
Expanded state, ai = 2.81, p ( 0 )  = 0.395 atoms/P. 

decrease being at R = R/(S2) l12  around unity. As a 
consequence, the ratio 

((S4, - (s2)2)/(s2)2 = 

(1p(R)47rR6 d R / [ g p ( R ) 4 r R 4 d R l 2 )  - 1 (32)  

increases to OQ97, from the exact value 0.079 characteristic 
of the unperturbed state;28 an analogous increase is also 
found with the linear chain, which shows that the 
fluctuations of ( S2) do increase compared to those of the 
unperturbed polymer. It should be added that any 
variation to the plot of p(R) vs R induced by the solvent 
quality (i.e., expansion or contraction) must conform to 
the constraint 

c p ( R ) R 2 d R  = JOmp(R)R4dR (33)  

as it is easy to prove from the definition of ( S2) in terms 
of p(R) .  

6. Concluding Remarks 
The average solution-conformation properties of a 

regular star with any number f of branches are obtained 
through the self-consistent procedure of free energy 
minimization, within the Gaussian approximation for the 
interatomic distances.l6 We remark that, to the extent 
that the relaxation times are obtained from linearized 
equations of motion, the Gaussian approximation is the 
equilibrium counterpart. Solution of the equilibrium 
problem, as discussed in this paper, is therefore preliminary 
to the dynamic investigation. Attention being focused 
upon the good-solvent expansion regime at T > 8, only 
the two-body long-range repulsion terms are retained, 
whose free energy is proportional to ( r2(hj ) ) -3 /2 ,  r(hj)  
being the distance between any two atoms. Shorter-range 
effects, such as the screened interactions a (r2(hj))-5/2 
due to residual hard-core repulsions, are absorbed in a 
suitably defined bond length 1.15J6 It is implied that the 
number of skeletal atoms is very large, although the 
calculations are carried out on a coarse-grained model 
consisting of a r e l a t i v e l y d  number of beads per branch 
(-200) connected by ideal springs (for simplicity, beads 
and connecting springs are respectively denoted atoms 
and bonds). The normal-mode analysis is carried out by 
using the Fourier bond vector combinations with pure sine 
or cosine coefficienb, as the basis of the orthonormal 

eigenfunctions; in the assumption that these do not deviate 
very much from the pure Fourier modes, a relatively simple 
procedure to obtain the off-diagonal coefficients is sug- 
gested. Numerical calculations for six-arm stars in the 
crossover regime of good-solvent expansion show that the 
assumption is indeed valid in most usual casea, the off- 
diagonal averages of the pure Fourier modes never 
exceeding 10% of the largest diagonal average even at a 
mean-square expansion of about three over the unper- 
turbed state, coinciding with the random-walk star in our 
coarse-grained model. Qualitative analysis of the off- 
diagonal values (see Table I) shows that they arise from 
a nonuniform expansion of the star, which is largest in the 
region around the branch point due to the highest 
concentration of interatomic repulsions. Obviously enough, 
for this very reason the relative weight of the off-diagonal 
terms is bound to increase with increasing f .  Comparison 
with the diagonal-approximation results shows that the 
overall mean-square expansion is reduced by no more than 
2 %  in the complete approach; however, this makes the 
overall strain to be more evenly distributed among the 
modes. 

Analysis of the resulting interatomic distances (see 
Figure 2 and eq 22)  shows that the strongest vector 
correlation takes place between the first bond attached to 
the branch point and the end-to-end vector of the same 
branch, thus suggesting that the overall space orientation 
of the branch is implicit in that of the first bond or of the 
few first bonds, on average. Conversely, bond correlation 
is strongly reduced across the branch point, so that the 
different branches are essentially uncorrelated one with 
another, the more so the larger is the number of branches. 
Also, bond correlation vanishes toward the free ends; Le., 
the terminal bonds are uncorrelated with all the other 
bonds, as it may also be seen from the second equation 
given in footnote 25. As another result of this interplay 
of correlations, Figure 2 shows that, writing ( r2 (h j ) )  a 
- h/2y to a rough approximation and considering it as a 
function ofj for a fixed h, 2v is lurger than one (as expected) 
if h is made to coincide with a free end (h = -N/f),  at least 
if j is not close to the other free end (i.e., if j = N / f ) ;  
conversely, 2v is (mostly) smaller than one if h coincides 
with the branch point (h = 0). Although insufficient 
experimental information is now available, small-angle 
neutron or X-ray experiments on properly chosen stars, 
perhaps after suitable chemical tagging, may provide a 
check for these predictions. 

Figure 3 shows that the squared strain ratio of the radius 
ofgyrationa: = (S2)/(S2)ooftheregularstarwithf=6 
is only 2 % a t  most larger than that of the linear chain with 
the same 7BlCnf2 (7B is the expansion parameter per chain 
atom and N is their number). Since from the usual g 
ratio, defined as 

g = (S2),tar/(S2)lin (34) 

aSgtar/&,lin g/go 

we have 

(35)  
where go is the &state value for N - a, we also get the 
resultg go, in agreement with experimental data in good 
solvent (i.e., at large 7BlW2) and with renormalization 
group results.g We note that the n-body repulsions (n 1 
3 )  among atoms placed on three or more different branches 
may become relevant for highly branched stars cf > 10) 
of low molecular weight. In this case, the approximation 
that polymer expansion is dominated by the two-body 
repulsions may be unwarranted. 

2 
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the B matrix is formed by the the cosine terms of eq A-1. 
Using a similar argument, Lmti is antisymmetrical with 
respect to h, since analytical continuation of the vector 
sum P ( h )  + 1(2)(h) + ... + W(h) from h to -h implies ita 
sign reversal, and we conclude that the matrix A is built 
up with the antisymmetrical sine terms of eq A-1'.*1 

We make now the simplest choice, namely that each 
element of A and B comprises a single term of the Fourier 
sum (eq A-1'). Consequently, their general element is given 
by 

The Kratky plot of the structure factor is predicted to 
increase at large Q = 4 r  sin (t9/2)/h as an effect of the 
polymer expansion, consistent with the similar effect 
obtained for the linear chain (see Figure 4). In turn, this 
is related with the decrease of the reduced density p(R)/ 
p(0)  at Rl ( S2)1/2 =: 1 upon expansion, R being the distance 
from the center of mass (see Figure 51, and with an 
increasing ratio (P)/ (S2)2 ,  therefore with an increase of 
fluctuations of ( 8 2 ) .  
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Appendix 
To account for the vanishing of the intramolecular force 

at the branch ends, the basis-set coordinates will be given 
by 

N l f  f 

where 

N l f  

q j  = Iri/(2N/f + 1) 

It may be checked that Whr = 0 for h = N/f + 1, consistent 
with the absence of a chain bond after the (N/f)th site on 
any branch. 

The basis-set coordinates L ( k )  must also conform to 
the molecule symmetry. Let us first remark that Mo + cf 
- 1)Ml and Mo - MI (see eq 5) may be written as the 
following average dyadic products: 

Lmti = p [ ( l y l )  + P ( 1 )  + ... + lq l ) ) ,  ( 1 9 2 )  + 
l"'(2) + ... + l(O(2)), ... (l"'(N/f) + ... + lc"(N/f))l (A-2) 

L,, = 2-1/2[(1(r)(1) - P(l)), ( P ( 2 )  - 
1(8)(2)), ..., (l(r)(N/f) - l'"(N/f))I (r # s) (A-2') 

If A and B are two rotation matrices respectively diag- 
onalizing Mo + cf- 1)Ml and Mo- MI, the basis-set vectors 
deriving from Lmti and L,, turn out to be 

(A-3) 
where A and B must share the same symmetry as Lmti 
and Lam, respectively. Considering first L,, for con- 
venience, we see from eqs A-2' and Figure 1 that analytical 
continuation of the vector sequence within L,, toward 
negative bond indices such as -1, -2, ... leads to identifying 
W-h)  with -lu(h) and -l@)(-h) with +W(h), which leaves 
the difference W(h) - W(h) unchanged upon changing h 
into -h. Otherwise said, the vector sequence within La, 
is symmetrical with respect to sign inversion of h, so that 

qp = ?rp/(2N/f + 1); C = 2/(2N/f + 1)"' (A-4) 

It is possible to check that the vector elements of Lmti and 
LB, (see eq A-3) are indeed orthogonal if the requirements 
of short-range bond correlation and of conformational 
uniformity are met; the latter requirement implies that 
the average product between any two bond vectors only 
depends on their topological separation. We shall define 
now 

in agreement with eqs 6 of the main text. 
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